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Director fields

Baustatik und Baudynamik

Example 1: geometrically non-linear beam

R=[d dyds] d;-d;=26;

R € SO(3)

University of Stuttgart, Institute for Structural Mechanics 2



Director fields

Baustatik und Baudynamik

Example 2: geometrically non-linear Reissner-Mindlin shell

Xt(QOO,tO)

t(flagz) t: A— S2cR?

University of Stuttgart, Institute for Structural Mechanics 3



Director fields

Baustatik und Baudynamik

Example 3: micromagnetics (Magnetic Maxwell equations in matter)
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1 ¢2 ¢3
m(f,f,f) m:A—>52CR3

University of Stuttgart, Institute for Structural Mechanics 4



Director fields

Baustatik und Baudynamik

Not invariant to
node numbering

Non-objectivity Singularities

Generalizable
for higher order(IGA)?

Artifical
path-dependence

Interpolation

Parts partially covered in this talk
AM, BISCHOFF (2022): A CONSISTENT FINITE ELEMENT FORMULATION OF THE
GEOMETRICALLY NON-LINEAR REISSNER-MINDLIN SHELL MODEL,

My keynote talk at WCCM-APCOM 2022 “An objective and path
independent geometrically non-linear Reissner-Mindlin shell formulation”



http://dx.doi.org/10.1007/s11831-021-09702-7

Qutline

Baustatik und Baudynamik

Optimization on manifolds

Numerical examples

University of Stuttgart, Institute for Structural Mechanics 6
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Optimization on manifolds

Literature

OPTIMIZATION ALGORITHMS
ON MATRIX MANIFOLD

Baustatik und Baudynamik

ABSIL PA, MAHONY R, SEPULCHRE R (2008) OPTIMIZATION
ALGORITHMS ON MATRIX MANIFOLDS. PRINCETON UNIVERSITY PRESS,
D0I1:10.1515/9781400830244

BoumMAL N (2020) AN INTRODUCTION TO OPTIMIZATION ON SMOOTH MANIFOLDS. AVAILABLE ONLINE, LINK

Constrained

optimization in an U?ans:_rain_ed
unconstrained optimization in a
space constrained space
B Penalty Direct
optimization on
S g the manifold
Lagrange
— multiplier
method

University of Stuttgart, Institute for Structural Mechanics 8
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http://www.nicolasboumal.net/book

Optimization on manifolds
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Problem statement A

f(x): M =R

min f(x)

McCR"

University of Stuttgart, Institute for Structural Mechanics 9
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Optimization on manifolds B, A

Riemannian gradient: submanifolds

) “For Riemannian submanifolds, the Riemannian
fx): M =R f(x):R*" =R gradient is the orthogonal projection of the “classical”

gradient to the tangent spaces.”
BouMAL N (2020) AN INTRODUCTION TO OPTIMIZATION ON SMOOTH MANIFOLDS.

grad f(x) = Px grad f(x)

* No parametrization
* No artificial singularities
« Simple linearization

University of Stuttgart, Institute for Structural Mechanics 11



Optimization on manifolds

Toy problem, gradient and Riemannian gradient

M Euclidean gradient B Riemannian gradient

\\ .

University of Stuttgart, Institute for Structural Mechanics
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Optimization on Manifolds B, A

Riemannian Hessian: submanifolds
f(x): M =R f(x):R™ = R

Levi-Civita connection: V& = PxDy, & En e IxM

“[...] This shows that, for Riemannian submanifolds of
Euclidean spaces, the Riemannian Hessian is the
projected Euclidean Hessian plus a correction term
ABSIL PA, MAHONY R, TRUMPF J (2013) AN EXTRINSIC LOOK AT THE which depends onIy on the normal part of the Euclidean
RIEMANNIAN HESSIAN . ”

gradient.

BouMAL N (2020) AN INTRODUCTION TO OPTIMIZATION ON SMOOTH MANIFOLDS.

Hess f(x)n = Py Hess f(x) Pyn + Wy (n,Py grad f(x))

University of Stuttgart, Institute for Structural Mechanics 14
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Optimization on manifolds o, I

Update of nodal values
Xy + Axy ¢ M Y(1) = expy, (tAXy)

ABSIL PA , "OPTIMIZATION ON MANIFOLDS: METHODS AND APPLICATIONS", LEUVEN, 18 SEP 2009.
LUENBERGER, D.G. (1973) INTRODUCTION TO LINEAR AND NONLINEAR PROGRAMMING. ADDISON-WESLEY, BOSTON.

Luenberger (1973), Introduction to linear and nonlinear programming.
Luenberger mentions the idea of performing line search along geodesics, “which
we would use if it were computationally feasible (which it definitely is not)”.

Generalize the concept of the exponential map - Retractions

University of Stuttgart, Institute for Structural Mechanics 16



Algebraic optimization on manifolds

Update of nodal values
Retractions for the unit sphere

sin([|Ax]])

RIP(AX) = expy (Ax) = cos(||Ax||)x +
() = exp(Ax) = cos([[ Al + T 8

Ax

University of Stuttgart, Institute for Structural Mechanics

R (Ax)

x + Ax

- [lx+ Ax|]

Baustatik und Baudynamik
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Motivation
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Riemannian Newton

- Classic Newton Riemannian Newton

Update Xp41 = Xg + Axy X1 = Ry, (Axy)
Gradient grad f(x) grad f(x) = Py grad f(x)
Hessian Hess f(x) Hess f(x)n = Py Hess f(x) Pxn + Wx(fq,P}f grad f(x))
Ingredients:
Rx : TeM — M Hess E(x)
PX R" — TXM gradE(X)

Wy : TeM x TEM = TeM

Tangent space basis A

University of Stuttgart, Institute for Structural Mechanics 18



Algebraic optimization on manifolds

Toy problem: Newton’s method, iteration count vs. gradient norm

gl
100-
1075 ‘
10712 \
10718
10724 A= [1162.263
| 9 4 6 8 10 12 14 #iteration

|— Lagrange multipliers — Spherical coordinates/(Manifold+Exponential map) — Penalty — Manifold +Radial returr||

University of Stuttgart, Institute for Structural Mechanics
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E:R" SR, Ex)=(x+b)TA(x+Db)

mig B0

1623 _ [0.53

—14.92[" 77 |1.65
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Optimization on manifolds

Summary

Penalty Coordinates Manifold
optlmlzatlon

Linearization
Singularities
Search space dimensions
Minimization

lterations

BABENOGI®)
OO
OO » OO
OO =006

2D example from before

University of Stuttgart, Institute for Structural Mechanics
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Numerical examples

Reissner-Mindlin: roll-up of clamped beam
« 1 loadstep
« 16 iterations of Newton’s method to reach equilibrium using MIP

University of Stuttgart, Institute for Structural Mechanics

Baustatik und Baudynamik

undeforme

E = 1000kN cm—2
L=12cm
b=1cm

h varying
clamped v=0

H(C,O,t) = /wstrain(ﬂpat)dv—FHext(ép,t)
B

*t*} =arg< min min II(¢p,t) ;.
{p"t7} g{{peRdteSﬂ (% )}

22



Numerical examples

Baustatik und Baudynamik

Reissner-Mindlin: roll-up of clamped beam \ VR > e
* 1 loadstep N Koo
« 16 iterations of Newton’s method to reach equilibrium using MIP | I ’

E = 1000 kN cm 2
L=12cm
b=1cm

h varying
clamped v=0

H(C,O,t) = /wstrain(ﬂpat)dv—FHext(ép,t)
B

*t*} =arg< min min II(¢p,t) ;.
{p"t7} g{{peRdtesdl (% )}

University of Stuttgart, Institute for Structural Mechanics 23



Numerical examples

Baustatik und Baudynamik
Simulation of micromagnetics

1 1 1
[I(a,m) = / QchrlaHQdV—l—/§ngadm|]2—|—§||cur1a||2—curla-mdv
B

Q\B
0
acR’
B = po(M + H)
divB =0
T bV
B = ‘.[L()H
divB =0
VxH=0
Numerically solved using the
o min min [I(m.,a) «— Rp; ' :
Maxwell's equation in vacuum and matter meS? acR3 (m.a) Riemannian trust region method

COLLABORATION WITH MARC-ANDRE KEIP

University of Stuttgart, Institute for Structural Mechanics 24



Numerical examples
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University of Stuttgart, Institute for Structural Mechanics COLLABORATION WITH MARC-ANDRE KEIP




Numerical examples
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Outlook

Apply results to

« Geometrically non-linear beams SO(3)

* Other manifolds
 Incompressible Materials/Plasticity SL£(3)

Dynamics on manifolds

* Non-constant mass matrix
* Riemannian Hamiltonian/Lagrangian

« Variational integrators for manifolds

University of Stuttgart, Institute for Structural Mechanics

Baustatik und Baudynamik
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